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Abstract 

In the framework of the Schwinger boson representation for the sw(2)-algebra, the 
closed form is derived for the total spin eigenstates which result from the coupling 
of n sw(2)-spins. In order to demonstrate its usefulness, the orthogonal set for the 
so(5)-algebra, which is reduced to four sw(2)-spin systems, is obtained. 
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§1. Introduction and preliminaries 

The boson realization of the sw(2)-algebra due to Schwinger^ and named after him 
plays a crucial role in the Theory of Angular Momentum, for instance in the derivation of 
the irreducible representations of the rotation operators. The Schwinger representation of 
the sii(2)-algebra also proved to be most useful in the study of various many-body systems, 
for example, shown in Ref. |2|). Appropriate extensions of the Schwinger representation have 
been obtained by two of the present authors (J. P. and M.Y.) and Kuriyama and applied 
to solve diverse problems formulated in the framework of the su(M + 1) and the su(N, 1)- 
algebra.& In the present paper, the Schwinger representation is applied to derive closed 
form expressions describing the total spin eigenstates which result from the coupling of n 
sw(2)-spins. The obtained expressions may be of interest in the theoretical investigation 
of spin systems, for instance, the description of the Heisenberg antiferromagnet, the simple 
case of which was recently given by four of the present authors (J. P., M.Y., CP. and J.P.Jr.) 
and Brajczewska. & But, it may be also useful for the description of many-body systems 
which can be reduced to many sw(2)-spins, for example, the so(5)-algebra which plays an 
important role in the studies of the charge-independent pairing correlations in nuclei@* and 
the high-temperature superconductivity.il' 

It is well known that the sw(2)-algebra is composed of three operators, S± t o, which are 
called the sw(2)-generators and obey the following relations : 

5+ — S_ , Sq = Sq , 

[S+,S_]=2S 0) [S ,S ± ] = ±S±. (1-2) 

Hereafter, we express the set (S±,o) also S, and then the Casimir operator can be expressed 
in the form 

S 2 = S* + (S_S+ + S+S_)/2 . (l-3a) 
The eigenvalue problem of the sw(2)-algebra is formulated in terms of the relations 

S 2 \(a);ss ) = s(s + l)\(a);ss ) , (s = 0, 1/2, 1, 3/2, ■ ■ •) (14a) 
So | (a); ss ) = s 1 (a); ss ) , (s = -s, -s + 1, • • • s - 1, s) (14b) 

The symbol (a) denotes a set of the quantum numbers additional to (s, s ). If the operator S, 
which gives us S = S(S + 1), can be defined, the relation (14a) is reduced to S\(a); ss ) = 
s\(a); ss ). In this paper, we call the system obeying the above algebra sw(2)-spin system. 
In this sense, S plays a role of the magnitude of the sw(2)-spin. 

The simplest boson realization of the sw(2)-algebra was presented by Schwinger 0) and it 
is called the Schwinger boson representation. This realization is formulated in terms of two 
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kinds of bosons (d, d*) and (b, b*). The set S is given as 

S + = a*b , = b*a , S = {a*a - b*b)/2 . (1-5) 
The operator S can be expressed as 

S 2 = S(S + 1), S = (a*d + b*b)/2 . (1-6) 
The eigenstate \ss ) (in this case, (a) is not necessary) can be expressed as 

\ss ) = (S + ) s+s »(b*) 2s \0) • (1-7) 

Here, the normalization constant is omitted, and hereafter, we will omit it for any state. 
The state \ss ) satisfies 

S\ss ) = s\ss ) • (1-8) 

Clearly, with the aid of the above treatment, we can describe single sw(2)-spin system. It 
should be noted that the operator S, which plays a role of the magnitude of the sw(2)-spin, 
can be defined only in the case of single sw(2)-spin. The above is our starting arguments. 

In the next section, the cases of two and three sw(2)-spins are recapitulated. Sections 
3 and 4 are the high light parts of this paper, where following two types of the coupling 
orders for the su(2)-spins, the eigenstates of total spin are obtained. In §5, the coupling 
rules for the two orders are discussed. Section 6 is devoted to the application of the coupling 
scheme presented in this paper to the so(5)-algebra, which is reduced to four sw(2)-spin 
systems. Finally, in §7, three comments are mentioned. Especially, in relation to the charge- 
independent pairing theory, the eigenstates given in §6 is reexpressed. 



§2. The cases of two and three S7i(2)-spins 

A possible Schwinger boson representation of two and three sw(2)-spin systems was for- 
mulated by the present authors and Kuriyama in Refs. [7]) and §), respectively. The former 
and the latter are referred to as (A) and (B), respectively. It may be helpful for readers to 
recapitulate the formalism in terms of the notations used in the original papers. 

The case (A) is formulated in terms of the bosons (d + , b + , d_, 6_) and the following 
sn(2)-generators plays a central role : 

(2-1) 

;*+)/2 , 

5* S_)/2 . (2-2) 



S±,o — I±,o - 




i.e., S = 


i + j, 


1+ = a\b + , 


i_ 


= b\a + , 


h = (d+d + 


J + = a*_b- , 


L 


= b*_a- , 


Jo = (d*_d- 
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The sets J and J also form the sw(2)-algebras, respectively, and the Casimir operators are 
expressed as 

f = i(i + 1) , / = (a;a+ + b\b + )/2 , 

J 2 = J(J+1), j= (aIa_ + 6*L)/2 . (2-3) 
In (A), the operators T + and R + defined in the following also play an important role : 



T + = a* + b*_ - b* + a_ , R + = a* + a_ + b* + b_ . (24) 

~ ~ 2 

In the present system, mutually commutable operators are /, J, S and S 0} and then, we 
can set up the eigenvalue equation 

ss ) = ss ) , J\ij; ss ) = ss ) , 

S ss Q ) = s(s + ss ) , S \ij; ss Q ) = s \ij; ss ) . (2-5) 

The eigenstate ssq) is given in the form 

ss ) = (s + y +s %f + y+i- s (R + y-j+ s (b*_) 2s \o) . (2-e) 



The set of the quantum numbers ij is just (a). The form ( |2-6|) is found in Eq.(A-2-27) in a 
form slightly different ordering of the operators from that of the present. For the state ( |2-6|) , 
the quantum numbers obey 

2s > , s + s > , 2s - (s + s ) > , (2-7a) 
i + j-s>0, i-j + s>0, 2s - {i - j + s) >0 . (2-7b) 



The relation ( p-7| ) is derived under the condition that the state ( |2-6| ) should not vanish. From 
the relation ( |2-7| ), we obtain 

s>0, \s \ < s , \i-j\<s<i+j. (2-8) 

The above is identical with the coupling rule of two su(2)-spins. 

The case (B) is formulated in terms of bosons (cij, hi] i = 1, 2, 3) and S± 5 o can be expressed 

as 

S±,o = E £t,o(*) > i-e., S = E 5(z) , (2-9) 
^(i) = afb t , = Sta i , S (i) = (aja< - S&)/2 . (2-10) 
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Each of the sets (S(i); % — 1, 2, 3) also forms the sw(2)-algebra and the Casimir operator can 
be expressed as 



S(if = S(i)(S(i) + 1) , S(i) = (a*a t + b*k)/2 . 

In (B), the following operators also play an important role : 

Q + = a\b 2 — bl&l , M + = a*a 2 + b \b 2 , 
f + (2) = a* 2 bl - b* 2 a* 3 , R + (2) = a*a 3 + b* 2 b 3 . 



(2-11) 



(2-12) 
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In the present system, mutually commutable operators are S(i) (i = 1, 2, 3), S 12 , S and Sq. 
Here, S 12 denotes 



S\ 2 = (S (l) + 5 (2)) 2 + I 



(5_(l)+5_(2))(5 + (l) + 5 + (2)) 



+(5+(l) + 5 + (2))(5_(l) + 5_(2)) 

We can set up the following eigenvalue equation : 

S , (i)|sis 2 (si2)s3; sso) = Si|sis 2 (si 2 )s 3 ; sso) , (« = 1, 2, 3) 

^2 

S' 12 |sis 2 (si 2 )s3; ss ) = Si 2 (si 2 + l)|sis 2 (si 2 )s 3 ; ss ) , 

* 2 

# |sis 2 (si 2 )s 3 ; sso) = s(s + l)|sis 2 (si 2 )s 3 ; ss ) , 

5'o|siS 2 (si 2 )s3; SS ) = So|siS2(si2)s3; SS ) . 

The eigenstate \sis 2 (si 2 )s 3 ] ss ) is obtained in the form 

\sis 2 (s 12 )s 3 ;ss ) = ( 1 S + ) s+s "(g + ) Sl+S2 - Sl2 (M + ) Sl - S2+S12 

x(f+(2)) Sl2+S3 - s (i? + (2)) Sl2 - S3+s (6*) 2s |0) 



(2-13) 



(2-14) 



(2-15) 



The form (2-15) is found in Eq.(B-5-8) in a form slightly different ordering of the operators 
from the present one. In the present case, (a) is just (sis 2 (s 12 )s 3 ). For the state (2-15), the 
quantum numbers obey 



2s > , s + s > , 2s - (s + s ) > , 

Sl + S 2 - S 12 > , Si - S 2 + S12 > , 

-(Sl - S 2 + Si 2 ) + (Sl2 + S 3 - S) + (S12 - S3 + S) > , 

S12 + S3 - s > , S12 - s 3 + s > , 
2s - (s 12 - s 3 + s) > . 



(2-16a) 
(2-16b) 
(2-16c) 
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The relation ( 2-16Q is derived under the condition that the state (2-15) should not vanish. 
The relation ( |2-16| ) gives us the coupling rule of three sw(2)-spins : 



s > , | «o | < s i 

— S 2 \ < Si 2 < Si + S 2 , 



|S12 - S 3 \ < S < Sn + S 3 . 



(2-17) 



§3. General case. I 

The aim of this paper is to provide a possible coupling scheme for n sw(2)-spin system by 
generalizing the cases of two and three sw(2)-spin systems recapitulated in §2. The system 
under investigation consists of the sii(2)-spins S{i) (i — 1, 2, • • • , n). Then, the set S is given 

as 

n 

S = J2S(i). (3-1) 

1=1 

In this case, it may be indispensable to specify the order of the coupling. We discuss two 
cases. Our first task is to discuss the case of the following coupling order : 



n 

i=i 



5(1) + 5(2)] + 5(3) +--- + 5(n-l) + S(n) . 



(3-2) 



For example, in the case n = 4, J2t=i 5(i) = [[5(1) + 5(2)] + 5(3)] + 5(4). For this purpose, 
we introduce 2n kinds of boson operators : (ai,a*) and (&?,,&*) (i = 1,2, • ■ ■ ,n). The i-th. 
sw(2)-spin S(i) can be given as 



S + (i) = a*bi , 



S_(i) = b*ai , 



S (i) = (d*di - b*bi)/2 



S(i) = {aZa i + b* i b i )/2 



(3-3) 
(3-4) 



Further, we define the following operators : 



5[Z]=]T5(2), i.e., 5±,oM=£5 ± , (i) , (I = 1, 2, • ■ • , n) 



i=l 

S[l} 2 = S [l] 2 + (S4l]S + [l] + S + [l)S-[l})/2 



1=1 



(3-5) 



A * 7,* 

a l b l+i 



7 * * * 

°l a l+l > 



X + (l) 

Y+(l) = a*a l+l + b*b l+l , (Z=1.2 



5 -"5 5 



n- 1) 



(3-6a) 
(3-6b) 



Clearly, S[l] for I = l,n are 



5[1] = 5(1^ 



S[n) = 5 . 



(3-7) 
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We change the original notations used in the recapitulation for n = 2 and 3 : 
For (A), 

a+ — ► cl\ , b + — ► b\ , a_ — > a>2 , 6- — > b 2 , 

4,o - &t,o(l) , J - 5(1) , J ±i0 - 4,o(2) , J - 5(2) , 

T + ^X+(1) , R+^Y+(1) , 

z + j — s — > 2Ai , i — j + s — > 2/xi , (3-8a) 
|zj; SSQ > - |AiAn;aa > = (5 + ) s+s °(X + (l)) 2Al (F + (l)) 2 ^(^) 2s |0) . (3-8b) 

For (B), 

g + ^x + (i), M + -y + (i), f+(2) - x + (2) , ^ + (2)^y + (2), 

4,0(1) + 5 ± ,o(2) - 5 ±)0 [2] , S? 2 - S[2] 2 , 
si + s 2 - S12 -> 2Ai , si - s 2 + S12 -> 2/ii , 

S12 + S3 - s — > 2A 2 , S12 - s 3 + s — > 2/i 2 , (3-9a) 

|SlS2(s 12 )s3; SSo) — ► |Ai//xA2A f 2) ss o) 

= (5 + ) s+So (X + (l)) 2Al (F + (l)) 2 ^(A+(2)) 2A2 (f + (2)) 2 ^(^) 2s |0) . 

(3-9b) 

The comparison between the two changes (|3-8|) and (|3-9| ) gives us an idea for the generaliza- 
tion from the cases of two and three su(2)-spins. As a natural generalization of the states 
|Ai/xi; sso) and \Xifii\2^2] s$o) defined in the relations (3-8b) and (3-9b), respectively, it may 
be possible to define the state 

IX^-.-X^^sso) = (5 + ) s+S0 (X + (l)) 2Al (F + (l)) 2 ^ 

x.-.x^+Cn-l)) 2 ^ 1 ^^- 1 )) 2 ^ 1 ^) 2 *! ) • ( 3 ' 10 ) 

In the present system, there exist 2n mutually commutable operators S(l) (/ = 1, 2, • • • , n), 
S[l] 2 (I — 2, 3, • • • , n — 1), S and So- Our task is to prove that the state (3-10) is the eigen- 
state for these operators. First, we show the case of S(l). For this task, the following 
relations are useful : 

[ S(l) , X + (l - 1) ] = (l/2)X + (l - 1) , [ S(l) , X + (l) } = (l/2)X+(l) , 

[ S(l) , Y + (l - 1) ] = -(l/2)y + (i - 1) , [ , Y + (l) } = (l/2)Y + (0 , 

[ the other commbinations ] = , (3 -11a) 

S(n)(b* n f s \0) = s(b* n f s \0) . (341b) 
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With the use of the relation ( ft -HQ , we can complete the above task and the eigenvalue of 
S(l), which we denote as si, is obtained as 



si — Ax + \i\ , 

si = {Xi-i - ni-i) + (Xi + /ii) , (I = 2, 3, • • • , n - 1) 

S n = (A„_l - yU„_l) + s . 



(3-12) 



Next, we prove that the state (3-10) is the eigenstate of S[l] 2 . For this purpose, first, the 
following relations should be noted : 

[ S + [l] , X + (l) ] = -a* t a* l+1 , [ &_[J] , X + (l) } = bfb* l+1 , 

[s [i], x + (/)] = (V2)(a?^ 1 -6?ar + i), 

[ S + [l) , Y+(l) ] = afb l+1 , [ S-[l] , Y+(l) ] = b*a l+1 , 
[Soil] , Y + (l)] = (l/2)(arai + i-bfb l+1 ) , 

[ the other combinations ] = , (3-13a) 

S±,oiWn) 2s \0) = • (I = 2, 3, • • • ,n - 1) (3-13b) 

With the use of the relation (3-13a) with the definition of S[l} 2 , we obtain 

[S[l}\ (X + (l)) 2X <(Y + (l)) 2 "} 

= (X l + MJ )[(A, + in) + l](X + (/)) 2A '(f + (/)) 2 ^ + 2Z + (l; X m ) , 
Z + (l; Xt/ii) 



5 [Z] 



+ 



A i (x + (0) 2A - 1 (F + (0) 2w arar. 



z+1 



+ / i i ar6 m (x + (/)) 2A Kr + (0) 2w " 1 



&_[J] 



+ 



+ A i J 6?S I+1 (x + (0) 2A «(y + (0) s,w - 1 

the other combinatiuons 1 = 0. 



S + [l] 



(3-14) 
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The relations (3T3a), (3-13b) and (3-14) lead to the fact that the state (3-10) is the eigenstate 
of S[l} 2 with the eigenvalue 0^(07 + 1) : 



ai = \i+fii. (I = 2,3, • • -,n - 1) 



(3-15) 



The relations (3-12) and ( |3-15 ) give us 



2Al = Si + s 2 - 2 , 2//! = s 1 - s 2 + cr 2 , 

2\i = o { + s l+1 - a l+1 , 2/ij = 0^ - s m + a l+1 , (I = 2, 3, • • • , n - 2) 
2A n _i = 0„_i + s„ — s , 2/i n _i = n _i — s n + s . (3 - 16) 

The set (Ai/iiA 2 ;U2 • ■ ■ A n _i/^ n _i) is just (a). It should be stressed that S + , X + (l) and Y+(l) 
play a role of building blocks to construct the eigenstates in many sw(2)-spin system. 



?4. General case. II 



As was shown in §3, we could learn a method which enables us to obtain the eigenstates 
in many spin system under the coupling order (|3-2j ). However, there exist many other orders, 
for example, J2t=i S(i) = (S(l) + S(2)) + (S(3) + S(4)). Our next task is to obtain the 
eigenstates, as an example, under the order 



i=l 



[5(1) + 5(2)] + 5(3) 



+ 



S(m) 



+ 



[S{m + 1) + S{m + 2)] + 5(m + 3) 



+ • • ■ + S(n) 



(4-1) 



Then, it may be convenient to discuss the present problem by classifying whole sw(2)-spins 
into two groups : (l,m)- and (m + l,n)-group. The former and the latter consist of the 
spins (5(1), • • • , 5(m)) and (5(m + 1), • • • , S(n)), respectively. For each group, we define 
the operators 

, = (S[/], (l=l,2,...,m) 

l5[/]-5[m]. (/ = m + l,m + 2,---,n) 

Here, S[l] is given in the relation (3-5). Clearly, we have 



(4-2) 



5[l;m] = 5(1) 



S[m + l;m] = S(m + 1) 



(4-3) 



Further, S[m;m] and 5[n;m] denote the total spins of two groups, respectively, and then, 
5 can be expressed as 

5 = 5[m; m] + 5[n; m] . (4-4) 
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For each group, we use the building blocks (X + (l),Y + (l)) for I = 1,2, •••,m — 1 and 
(X+(l),Y + (l)) for I — m + 1, m + 2, • • • , n — 1. In addition to the above building blocks, 
we introduce the following operators : 

X + (m, n ) = a* m b* n - b* m a* n , (4-5a) 
Y+(m, n) = a* m a n + b* m b n . (4-5b) 

The operators (4-5a) and (4-5b) play a role of connecting the two groups. With the aid of 
the above operators, we define the state 

l^l/^l ' ' ' ^m— l/J>m— l^m+l/^m+1 ' ' ' Xn—lf^n—l^mnf^mm SSq) 

= (S + ) s+s °(X + (l)) 2Xl (Y + (l)) 2 ^ ■ ■■(X + (m - l)) 2X ™-'{Y + (m - l)) 2 ^ 

x(X + (m + l)) 2Am+1 (F+(m+ l)) 2 ^ 1 ■■■(X + (n- l)) 2 ^- 1 (Y + (n - l)) 2 ^- 1 
x{X + {m,n)) 2X ™{Y + (m,n)) 2 ^{b* n ) 2s \0) . (4-6) 

The part (X + (m, n)) 2Xmn (Y + (m, n)) 2Mmn (6*) 2s |0) (= |A mn // mn ;s)) in the state (4-6) can be 
rewritten as 

(2s)!(2A mn )! 1 

x(a^) 2Am ^ r (^) 2 ^ +r (a;) r (6;) 2(Am "^ m ' l+s) - r |0) . (4-7) 

Let us prove that the state (4-6) satisfies our purpose. In the present system, there 
exist 2n operators which are mutually commuted : S(l) (I = 1,2, •••,n), S[l;m] 2 (I = 
2, 3, • • • , m, m + 2, m + 3, • • • , n), S and So- Connecting S(l), in addition to the relation 
(3- 11a), we have 

[ S(m) , X + (m,n) } = (l/2)X + (m,n) , [ S(m) , Y + (m,n) ] = (l/2)Y + (m,n) , 
[ S(n) , X + (m,n) ] = (l/2)X + (m,n) , [ S(n) , Y + (m,n) ] = -(l/2)Y + (m,n) . 

(4-8a) 

Instead of the relation (3- lib), we have 

s(n)(b;r\o) = S (b:r\o) . ( 4 . 8 b) 

Then, the eigenvalues of S(l), which we denote as s/, is obtained as 
Sl = Ai + , 

si = (A;_i - m-i) + (Xi + in) , (Z = 2, 3, • • • , m - 1) 
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s m+l = + ^m+l > 

s; = (A/_i - + (A/ + /i;) , (Z = m + 2, to + 3, • • • , n - 1) 

S n = (A„_i - /i n -l) + (A mn - Atmn) + -5 • (4'9) 

In the case of S[l] m] 2 (I — 2, 3, - • • , to — 1, to + 2, • • • , n — 1), the relation obtained from the 
relation (3-14) by replacing S[l] with S[i;m] is available. Further, we have 

S\tTIj 77l] |A mn /l mn , s) (A mn -|- fJimn) | Amn/^mnj j 

S[n; rn\ 2 \X mn fi mn ] s) = (X mn — fM mn + s)\\ mn [i mn ; s) . (4-10) 

With the use of the above relations, we can prove that the state (4-7) is the eigenstate of 
S[l; m] 2 (I — 2, 3, • • • , to, m + 2, to + 3, • • • , n) with the eigenvalue 07(07 + 1) : 

07 = A; + ft , (I = 2, • • • , to - 1, to + 2, • • • , n - 1) 

The relations (4-9) and (4-11) give us 

2Ai = Si + s 2 - cr 2 , 2/ii = Si - s 2 + cr 2 , 

2A; = 07 + s m - o-j+i , 2ft = 07 - s l+1 + a l+1 , (7 = 2, 3, • • • , m - 1) 

2A m +i = s m +i + s m + 2 — cr m + 2 , 2/i m+ i = s m +i — s m + 2 + cr m+2 , 

2A; = ai + si+i - crj+i , 2ft = 07 - si+i + 07+1 , (I = m + 2, m + 3, • • • , n - 1) 

2A mn 0~ m <7 n S , 2fimn 0~ m 07i -|- S . (4 - 12) 

The set (Xift ■ ■ ■ Kn-iftn-iKi+i^m+i ■ ■ ■ K-iVn-i^mnftnn) is just (a). We can understand 
that S + , X+(l), ^+(0> X + (m,n) and Y + (m,n) play a role of building blocks to construct 
the eigenstates in many su(2) spin system. 

§5. Coupling rules for the two cases 

In this section, we contact with the coupling rules for the order (|3-2j ) and (4-1). We 
discuss the order fl3-2|) in detail. Since S±$ commutes with any of X + (l) and Y + (l), the state 
(3-10) can be rewritten in the form 

lAi^i • ■ • Xn-ifin-i; ss ) = (X + (l)) 2Al (r + (l)) 2 ^ • • • (X + (n - 1)) 2X ^ 

x(Y + {n - l)) 2 ^- 1 (£+)» + » (S;;) 2a |0) . (5-1) 
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For the state (5-1), the index number in each operator should not be negative, and then, we 
have 



2s > , s + s > , (5-2a) 
2A ; >0, 2 /U/ >0. (1 = 1,2, ...,n- 1) (5-2b) 

Total number of (a*, S*) in the part (S' + ) s+S0 (6* ) 2s |0) is equal to 2s — (s + s ), and then, we 
can set up 

2s - (s + s ) > . (5-3a) 

Total number of (a* n , b* n ) in the part (Y+(n - l)f^ {S + ) s+s °(b* n ) 2s \0) is equal to 2s-2 / u„_ 1 , 
and we have 

2s - 2// n _ 1 > . (5-3b) 

Further, total number of (of, 6?) (I = 1, 2, • • • , n-2) in the part (Y_(7)) 2w (X + (l+l)) 2Xl +* {Y + {1+ 
1))2 W+1 . . . (x + (n - l)) 2X ^(Y + (n - l)) 2 ^- 1 (5 + ) s+So (6;) 2s |0) is equal to 2X l+1 + 2m+x - 2 Mz , 
and then, we get 

2A m + 2m+i - 2m > . (Z = 1,2,-.. ,n -2) (5-3c) 

With the use of the relations (|5-2|) and ( |5-3|) , together with the relation (3-16), we arrive at 
the following coupling rule : 

s > , |s | < s , (54a) 
|si — s 2 | < a 2 < si + s 2 , 

1^7 - s/+i| < <T| + i < o-j + s l+1 , (Z = 2,3, • • -,n - 2) 

Wn-l - s n\ < On < &n-l + S n . (54b) 

Under the argument similar to the above, we obtain the coupling rule for the order (44) in 
the form 

s > , | so | < s , (5-5a) 
\si — s 2 | < a 2 < si + s 2 , 

|s m +l — S m _}_2 1 < CT m+2 < S m +i + S m + 2 , 

- s l+1 \ < o l+l < oi + s m , (/ = 2, 3, • • • , to - 1, to + 2, m + 3, • • ■ , n - 1) 
I Cm - cr n | < s < a m + cr n . (5-5b) 



We derive the coupling rules (|54fJ and (|5-5|) under the condition that the states (^-2[) and 



(44) should not vanish and the result is completely the same as that in the conventional 
coupling rule. 
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§6. Application — the case of the so(5)-algebra 

In order to demonstrate the usefulness of the idea presented in this paper, we apply it to 
the construction of the orthogonal set for the so(5)-algebra. In this paper, we do not contact 
with physics related to this algebra. As a possible application of Ref. §), one °f the present 
authors (M.Y.), Kuriyama and Kunihiro presented the Schwinger boson representation for 
the sw(4)-algebra and its subalgebra. i-* One of them is the so(5)-algebra. This algebra 
consists of ten generators, which we denote as D± , -D±,o, J±,o and M : 

D* + = -{a* + b + + a*_bJ) , D*_ = a* + {3 + + a*_(3_ , 

D* = (l/2)(a* + (3 + + a*_P- + a* + b + + a*_ 6_) , 

D+ = -(b* + a + + 6*a_) , D_ = f3* + a + + f3*_a_ , 

D = (1/2) (^a+ + /3*a_ + b\a + + b*_ a_) , (6-la) 

J + = — a*j_d: + — alo;_ + j3* + b + + , 

J_ = — a* + a + — ala_ + b* + (3 + + 6* /3_ , 

Iq = (l/2)(ala + — d+d: + + dla_ — ala_ 

+P*J + - b* + b+ + ^ - 6* S_) , (6-lb) 
M = (l/2)(ala + + + a* a_ + ald:_ 

- b\b + - (3*J_ - b*_L) . (6-lc) 

Here, (a±,a?j_), (fr±,fr±), (&±,6>±) and 0±,j3±) denote boson operators, totally eight kinds. 
The expression (6-la) is slightly different from that shown in Ref. |9|). In this paper, we omit 
the physical meaning of these operators. In associating with the above, we can construct 
two sets of the operators. First is as follows : 

R + = a* + <i- + b* + i>_ + o* + a^ + , 
R_ = a*_a + + b*_b + + &*_&+ + (3*_(3 + , 
R = (l/2)(a* + a + - a*_a_ + b* + b + - S* S_ 

+&* + & + - + (3* + (3+ - /§I/3_) . (6-2) 

The set (R±,o) forms the sw(2)-algebra and it satisfies 

[ R± t o , any of the so(5)-generators ] = . (6-3) 

Second is defined in the following form : 

T±, = t±, + f±, , (64a) 
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t + = a* + b*_ - a*_b* + , f+ = a* + (3*_ - a*_f3* + , 
£_ = 6_a + — b + a_ , f_ = — , 

£ = (1/2) (a* a+ + SlS_ + ala_ + 6^6+) + 1 , 

f = (l/2)(a* + a + + /3*/L + a* &_ + + 1 . (6-4b) 

The sets (t±,o) an d (t±,o) obey the su(l, l)-algebras, respectively, and then, the set (T± >0 ) 
also obey the su(l, l)-algebra. The set (T ± ) obeys 

[ T± ;0 , any of the so(5)-generators ] = , (6-5a) 
[ T ±)0 , any of -R± j0 ] = . (6-5b) 

The Casimir operator -T so (5) can be expressed as 



D*D + (1/2) [D\D + + D*_D_) + D D* + (1/2) [D+D* + + D_D*_ / 
Il + (1/2) (/_/+ + UL)] ■ (6.6a) 



-Tso(5) = 2 
+ 

The operator JT so (5) can be rewritten as 

r so(5) = ti + f 2 - 2 , (6-6b) 



R 2 = R 2 Q + (l/2)(iLi? + + i?+iL) , (6-7a) 
t 2 = T 2 - (1/2) (f_f+ + f+TL) . (6-7b) 

'2 - 2 

The operators i? and T denote the Casimir operators for the su(2)- and the su(l, 1)- 
algebra, respectively. The above is the basic framework of the Schwinger boson representa- 



tion for the so(5)-algebra presented in Ref. |9|). The Casimir operator (|6-6b ) tells us that 



2 - 2 

the orthogonal set for the so(5)-algebra should be the eigenstate of R and T . 

The present system consists of eight kinds of bosons, and then, the orthogonal set is 
specified by eight quantum numbers. For example, they are chosen as (R(R + 1), R ) 

» 2 * * 2 * 

for (R , Rq), (T(T — 1), T ) for (T , T ) and four quantum numbers additional to the 

- 2 

above. First, we search the eigenstate for [R , Rq). As is clear from the form (6-2), the 
present is a system consisting of four sw(2)-spins. We apply the coupling (4-1) for the case 
(m = 2, n — 4). Then, the boson operators a+, a_, 6 + , 6_, a + , a_, /3+ and /3_ read the 
following way : 

a + — > ai , a_ — > foi , 6+ — > 02 , — ► ^2 , 

d + — ► a 3 , a_ — > 6 3 , P + — > a 4 , /3_ — ^ 64 . (6-8) 
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Further, R reads S. Under the definitions ( |3-6| ) and (f|Jj), we have 

X+(l) = a* + b*_ - a*_b* + = t + , f+(l) = a* + b + + a*_b- = -D* + , 

X + (3) = a* + (3*_ - a*J* + = f+ , f+(3) = a* + (3 + + a* /L = D*_ , (6-9a) 

X+(2, 4) = S;4+ - b*J* + , ^+(2, 4) = + Sl/L . (6-9b) 

Then, the form (4-6) is reduced to 

1^1/^1^3/^3-^24/^24; RRq) 

= (R + ) R+Ra (i + ) 2Xi (-z);) 2 ^ 1 (f + ) 2As (z> ) 2 ^ 

x(S;/3* - b*Jl) 2X2A ib\p + + 6* /3_) 2/X24 (/5*) 2iJ |0) 

= (/2 + )^ ( _ j D ;) 2 m(j D 1) 2M3 ( £ +) 2A l(f+)2 A 3 | W24 . jR) ( g. 10a) 

Here, t + and f+ commute with respectively, and |A 24 /x 24 ; -R) is defined as 

|A 24 /x 24 ; = {b*J*_ - b*Jl) 2X ^{b*J + + fo*_^_) 2 ^01) 2jR |O) 

= (S;/3- - 61 ) 2A24 (61 ) 2 ^ 24 ) 2 (^-^ 4 ) 1 o> . (6-10b) 

- 2 - 

Clearly, the state (6-10a) is the eigenstate of (R ,Rq) with the eigenvalue (R,Ro). But, it 
is not the eigenstate of (T , To). For obtaining the eigenstate, we, first, note the relations 

i-|A 2 4/i24; R) = ^-|A 2 4/i 2 4; R) = , (6-11) 

^o|A 24 /^ 2 4; -R) = t|A 2 4/x 2 4; i?) , 

-ro|A 24 /i 2 4; i2) = r|A 24 /i 24 ; i?) , (6-12a) 

t = A 24 + /i 24 + 1 , r = A 24 - /i 24 + -R + 1 , (6-12b) 

i.e., 

A 24 = (l/2)(t + r- i2) - 1 , /ia4 = (1/2) (t-T + R) . (6-12c) 

Then, the state (6-10a) can be regarded as the eigenstate for (i 2 ,i ) and (r 2 ,f ) with the 
eigenvalues (t(t — 1), to) an d (t(t — 1), r ), respectively. Of course, Ai and A 3 should be equal 
to 

Ai = (1/2) (t - 1) , A 3 = (1/2) (r - r) . (6-13) 

* 2 

Following a method presented in Ref. |TU]) , we can find the eigenstate of (T ,T ), 
\(J>i(i>3tT; RRqTTq) in the form 

\H\Hstr\ RRqTT ) 
= (R + ) R+R "(f + ) T °- T (-D* + ) 2 ^(D*_) 2 ^ 

xiO+y-^iblpl - b*J* + ) t+T - R - 2 (b^) R+t - T 01) R - t+T \O) . (6-14) 
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Here, 0+ is denned as 

0+ = i + (i + t + e)- 1 - t+(t + r + e)' 1 . (6-15) 

The parameter e plays a role for avoiding null denominator. For the state (6-14), we have 
the following condition : 

/ii, /i 3 = 0, 1/2, 1, 3/2,-.. , 
i, r= 1, 3/2, 2,--. , 

i2 = 0, 1/2, 1, 3/2,... , Ro = -R, -R + l, R- 1, R , 
T = 2, 5/2, 3, 7/2,-. ■ , T = T, T + l, T + 2, • • • , 
|t-r|<#<t + T-2, 

T>t + r. (6-16) 

The relation (6-16) is derived under the condition that the state (6T4) should not vanish. 
The state (6-14) can be reexpressed in the following form : 

\dd ,6S ,RRo,TT ) = (T + ) T °~ T (R + ) R+Ro (D^) d+d ° (D^) s+So \ d, 8, R, T) , 

\d,5,R,T) = (0 + )T-2-( d+ 5)^* ) fl+( ( i-5)^* ) B-( d -5) 

x(b* + (3*_ - b*J* + Y d+s) - R \0) . (6-17) 



The relation between the quantum numbers in the states (6-14) and (|6T5 ) are given as 

t = d + l, r = 5 + l, 2fi 1 = d + d , 2fi 3 = 5 + 5 . (6-18) 
Therefore, we have the restriction for (d, do) and (S, 8q) in the form 
\d-5\< R<d + 5 , T>(d + 5) + 2, 

do = —d , —d + 1 , • • • , d — 1 , d , 5o = — 5 , — 8 + 1 , • • • , 8 — 1 , 8 . (6-19) 

The sets (D* + ,D+, (1/2)(M + h)) and (D*_,D-, (1/2)(M - h)) form the sw(2)-algebras 
which are mutually independent, and of course, they are also independent of (T±,o) and 
{R±,o)- Then, we have 

D + \d,8,R,T) = D_\d,8,R,T) = R_\d,8,R,T) = f_\d,8,R,T) = , 
(1/2)(M + I Q )\d, 8, R, T) = -d\d, 8, R } T) , 
(1/2)(M - I )\d, 8, R, T) = -8\d, 8, R, T) , 
R \d,8,R,T) = -R\d,8,R,T) , 

f \d,8 } R,T} = T\d,8 } R } T} . (6-20) 

The quantum numbers (d, do) and (8, 8q) denote the quantum numbers characterizing the 
sets (D*±,D ± ,(l/2)(Mo±io)). 
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§7. Discussions and concluding remarks 

Finally, we give three comments. As is well known, the orthogonal set for the so(5)- 
algebra is specified by six quantum numbers. On the other hand, the present case is specified 
by eight quantum numbers. The relations ( |6-3| ) and ( |6-5| ) tell us that any matrix element 
for the so(5)-generators does not depend on the quantum numbers Rq and To. Therefore, it 
may be enough to consider the case (_R = —R , T = T) for the so(5)-algebra. This means 
that the orthogonal set is specified by six quantum numbers. This is the first comment. 

The second is related to the set (/±,o)- The operators I± t o form the sw(2)-algebra and 
the set (-D±o) * s tensor with rank= 1. It may be clear that the state ( |6-12|) is not eigenstate 
of (J ,/ ). It is interesting to construct the eigenstate of (J ,/ )- The outline was sketched 
in Ref.0). Combining the idea given in Ref.^) with that by Elliott, & the following set is 
obtained : 

/- \T -T/a \R+Ro / ~ *2\ u 

\TT RR ;isJII ) = (t + ) [R+) (d) 

x J2 (JK RS \II )Z JKo (D)\TRS ) , (7-la) 

K S 

\TRS ) = 0*_) R+So (b*_) R - So ib* + (31_ - b*J* + ) T - R ~ 2 \$) . (7- lb) 

Here, D is a scalar for (i^o) defined by 

D 2 = D* 2 + (l/2)(D* + D*_ + D*_D* + ) . (7-2) 

The operator Z JKo (D ) is related to the solid harmonics Z JKo (r6(j)) = r J Y JKo (9(f)) which is 
a homogeneous polynomial for r± j o with r± = x ± iy = r sin 9 exp(±i0) and r$ = z = r cos 9. 
By replacing r± in the solid harmonics with D± , we obtain Zjk (D ) which is of the 
rank (J,K ). The symbol (JK RSq\IIo) denotes the Clebsch-Gordan coefficient. The state 
|T_RSo) satisfies the condition 



f) ±fi \TRS ) = , (7-3a) 
f_\TRS ) = R_\TRS ) = , 

f \TRS ) = T\TRS ) , R \TRS ) = -R\TRS ) , (7-3b) 

f\TRS } = R(R+1)\TRS ) , i \TRS ) = S \TRS ) , (7-3c) 

M \TRS ) = -m \TRS ) , (74a) 

m = T - 2 . (7-4b) 
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Clearly, \TT RR ; vJIIq) is an eigenstate of T , T , R , Rq, I and Jo with the eigenvalues 
T(T — 1), T , R(R + 1), Ro, 1(1 + 1) and Jo, respectively. Further, we note the relation 

M \TT RR ; vJII ) = M \TT RR ; uJII ) , (7-5a) 
M = 2u + J + m . (7-5b) 

It should be noted that the quantities v and J can run under the restriction independently. 
But, we have no relation to fix the values of v and J, and then, the states ( [7-11) are linearly 
independent, but may be, in general, not orthogonal. In this case, an appropriate method, 
for example, the Schmidt method, should be adopted. According to the charge independent 
pairing theory for the single-orbit (its angular momentum is j) shell model, the operator M 
which corresponds to M is expressed as 

M = (l/2)(iV-(2j + l)) . (7-6) 

Here, iV denotes total fermion number operator. Therefore, for the system with M fermion 
number and v seniority number, we have 

(1/2) (JV - (2j + 1)) = 2v + J - (T - 2) , 

(l/2)(2j + l-v) = T-2. (7-7) 

Third is related to the state (6-14) or (|6-15 ). Under a special device which is proper to 
the so(5)-algebra, we derive the state (6-14) in Ref. in different notations. However, the 
present one is derived in rather general framework. In this sense, it may be possible to apply 
the present idea to various cases. 
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